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The only primes which can divide the order of the automorphism group of a 
Hadamard matrix of order 28 are 13, 7, 3, and 2, and there are precisely four 
inequivalent matrices with automorphisms of order 13 (Tonchev, J. Combin. Theory 
Ser. A 35 (1983), 43-57). In this paper we show that there are exactly twelve 
inequivalent Hadamard matrices of order 28 with automorphisms of order 7. In 
particular, there are precisely seven matrices with transitive automorphism 
groups. c‘r 1985 Academic Press, Inc. 
1. INTRODUCTION 
A square matrix H of order n whose entries are + 1 or - 1 is called a 
Hadamard matrix if it is orthogonal, i.e., HHT = n1 The order n is 
necessarily 1, 2, or a multiple of 4, and it is conjectured that Hadamard 
matrices exist whenever the order is a multiple of 4, although this has not 
been yet proved. For various constructions and applications of Hadamard 
matrices see, e.g., Hall [7, Chap. 141, and Hedayat and Wallis [9]. 
An automorphism of a Hadamard matrix H is a signed permutation of 
its rows and columns transforming H to itself, or equivalently, a pair 
(P, Q) of monomial matrices of O’s, l’s, and - l’s such that PHQ = H. The 
set of all automorphisms form a group under composition called the 
automorphism group (Aut H) of H. Two Hadamard matrices H, and H, 
are equivalent if there exist monomial matrices P, Q with PH, Q = H,. 
Hadamard matrices of orders up to 12 are unique up to equivalence. The 
equivalence classes for the orders 16 and 20 were determined by Hall 
[S, 61, and for the order 24 by Ito, Leon, and Longyear [lo]. It was 
proved in [14] that the only primes which can divide the order of the 
automorphism group of a Hadamard matrix of order 28 are 13, 7, 3, and 2, 
and there are precisely four equivalence classes of Hadamard matrices of 
order 28 possessing automorphisms of order 13. In this article we show 
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that there are exactly twelve equivalence classes of Hadamard matrices of 
order 28 with automorphisms of order 7. In particular, up to equivalence 
there are precisely seven matrices with transitive automorphism groups; 
these are three of the matrices which have also automorphisms of order 13 
(QR, Paley (Williamson), Szekeres), the second matrix of Williamson type 
and its transpose with group of order 336, and two matrices which are 
transpose to each other with group of order 56. The remaining live 
matrices have automorphism groups of order 28. 
In Section 2 we prove that if p is a prime greater than 3 and H is a 
Hadamard matrix of order 4p then an automorphism of order p does not 
fix any rows or columns of H and, in particular, any Hadamard matrix of 
order 28 with an automorphism of order 7 is equivalent to a matrix con- 
sisting of 16 7 by 7 circulants aranged in four rows and columns. This 
reduces the construction of such matrices to the combining of certain cyclic 
pairwise balanced designs on 7 points. 
In Section 3 we mention a connection between Hadamard matrices of 
order n with automorphisms of a prime order p dividing n/4 and self- 
orthogonal codes over GF(p), which is useful for the determination of the 
orbit structure of such automorphisms. For instance, the self-dual codes of 
length 4 over GF(7) are used in the construction of the Hadmard matrices 
of order 28 with automorphisms of order 7. Representatives of all 
equialence classes of these matrices are derived in Section 4, and the exact 
number of inequivalent matrices is established in Section 5 by examination 
of the related Hadamard 3-(28, 14,6) designs, 
In Section 6 we discuss briefly a relationship between 2-(u, k, 2) designs 
with automorphisms of a prime order p without fixed points and blocks, 
and self-orthogonal codes over G&‘(q) of length b/p, where q is a prime 
dividing r and 1, or q = p if p divides r - 1, but p # r. As a consequence, the 
Hadamard matrices of order 28 with automorphisms of order 3 fixing one 
column are related to the self-orthogonal (9,4) codes over GF(7). 
2. AUTOMORPHISMS OF A PRIME ORDER p 
OF HADAMARD MATRICES OF ORDER 4p 
An automorphism of order 7 of a Hadamard matrix of order 28 cannot 
fix any row or column. This follows from the next more general result. 
LEMMA 2.1. A Hadamard 3-(42 + 4, 2t + 2, t) design with t > 2 and t + 1 
a prime does not admit automorphisms of order t + 1. 
Proof Suppose D is a 3 - (4t+4,2t + 2, t) design with an 
automorphism fl of order p = t + 1, where p is an odd prime. If B does not 
5R?a/40/1-5 
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fix any point, then p will divide the point set of D into four orbits of length 
p and we can form at most (;)= 6 fixed blocks. On the other hand, the 
number of blocks is 8t+6= 7p + (p-2), hence B fixes at least p-2 
blocks. Since the complement of every block is also a block, the number of 
fixed blocks must be even, therefore /3 must fix at least 2p - 2 blocks, which 
is possible if 2p - 2 ,< 6, i.e., p < 5. Let us now assume that fl fixes some 
point P. Then p induces an automorphism on the symmetric 
2 - (4t + 3,2t + 1, t) design D’ derived with respect to the fixed point P. 
Since p > t, by a theorem of Aschbacher [ 1 ] the fixed points and blocks of 
D’ form a symmetric 2 - (a*, k*, t) subdesign, where u* is the total number 
of fixed points and k* is the number of fixed points on a fixed block. In our 
case the only possibility for v* and k* is v* = k* = t. The union of t fixed 
blocks which intersect in t points has cardinality t + (t + l)t = t2 + 2t, 
which is possible only if t* + 2t d 4t + 3, i.e., if t d 3. 
COROLLARY 2.2. A Hadamard 3 - (4p, 2p, p - 1) design with p > 3 a 
prime does not admit a transitive automorphism group. 
COROLLARY 2.3. If p > 3 is a prime and H is a Hadamard matrix of 
order 4p with an automorphism /I of order p, then /I fixes no columns or rows 
of H. 
ProoJ If B fixes some column of H then /? will induce an automorphism 
of order p on the 3-(4p, 2p, p- 1) design obtained from H with respect to 
the fixed column (cf. [ ll]), which conflicts with Lemma 2.2. The assertion 
for rows is obtained by consideration of the transpose of H. 
Let H be a Hadamard matrix of order 28 with an automorphism (P, Q) 
of order 7, i.e., P and Q are monomial matrices such that PHQ = H and 
P7 = Q’ = Z. If P and Q do not contain negative entries then without loss of 
generality we may assume that H is of the form 
A, B, C, D, 
H= 
A, B, C3 D, ’ 
A, 84 C4 D, 
(1) 
where A;, Bi, Ci, Di are 7 by 7 circulants. It is not difftcult to see that any 
Hadamard matrix of order 28 with an automorphism of order 7 is 
equivalent to a matrix of the shape (1). In other words, there exist diagonal 
matrices R,, R, with diagonal entries from the set { - 1, + 1 }, such that 
R,PR, and R,QR, are permutation matrices, hence RI HRI will be per- 
mutationaly equivalent to a matrix of the form (1). This can be shown by 
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taking into account that all diagonal entries of P and Q are zeros, and the 
number of negative entries in P and Q must be even. 
Let ri be the number of + l’s in a row of the submatrix (Ai Bi Ci Di) of 
(1 ), 1 6 i < 4, and let Ati be the number of columns of H which intersect two 
different rows of (Ai B, Ci Dj) and (Aj Bj Cj Dj), respectively, in + 1’s. 
Then by the orthogonaiity we have 
f(ri + ri) = A,i + 7. (2) 
In particular, each of the matrices (Ai Bi C, Di) is a (+ 1, - 1) incidence 
matrix of a pairwise balanced design with 7 points, such that each point 
occurs in ri blocks, and each pair of points occur together in Ri, blocks, 
where ri- lzii = 7. The same conclusion holds for the matrices 
(AT ‘4% A; AT),..., (DT- Df). Thus as a first step we have to enumerate 
the cyclic pairwise balanced designs on 7 points and 28 blocks with 
r - 2 = 7. Without loss of generality we can suppose r Q 14. The blocks of 
such a design are divided in four cyclic orbits of length 7. Let ki denote the 
number of points in a block from the ith orbit, 1 < i < 4. We have 
2 k, = r, 
r=, 
~~,ki(k,-1)=6L=6r-42, 
(3) 
whence 
i kf=7r-42. (4) 
i=l 
Applying the Cauchy inequality for k, ,..., k,, we obtain r >, 9. The solutions 
k, 6 k, 6 k3 d k, of (3) are given in Table I. 
TABLE I 
r i k, k, k, h 
9 2 2 2 2 3 
10 3 2 2 2 4 
1 3 3 3 
11 4 1 3 3 4 
12 5 2 2 3 5 
I 3 4 4 
13 6 2 2 4 5 
1 4 4 4 
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TABLE II 
k Orbit Representative 
1 1, 
2 2, 
22 
23 
3 3, 
32 
3, 
34 
35 
4 4, 
42 
43 
4, 
4, 
5 5, 
52 
5, 
(01 
{OS 11 
ii: :i 
{O, 1,2) 
(0, I,31 
(0, I,41 
{O, 1, 5) 
(0, 2,4) 
{3,4, 561 
{ 274, 5, 6) 
12, 39% 6) 
{2,3,4 6) 
jL3,5,6) 
{ 2, 3,4, 5,6} 
{ 1, 3,4, 5, 6) 
{ 1, 2,4, 5, 6) 
The k-subsets (1 <k Q 5) of (0, l,..., 6) are divided under the action of 
the cyclic group modulo 7 in orbits whose representatives are listed in 
Table II. 
The collections of orbits, forming pairwise balanced designs, 
corresponding to the solutions from Table I are listed in Table III. The 
isomorphisms between different solutions with the same parameters from 
Table III are easily found. For instance, the live solutions of type (2,2,2, 3) 
are divided in two isomorphism classes: (1,2, 3}, (4, 51; the solutions of 
type (1, 3, 3, 3) are in three isomorphism classes: { 1,4}, (2, 3}, {5}, etc. 
As a next step we have to arrange quadruples of solutions from Table I 
in four rows in such a way that the four columns also form solutions. This 
can be done by an exhaustive search, but as we shall see in the next section 
another approach is also possible. 
3. HADAMARD MATRICES WITH AUTOMORPHISMS 
OF A PRIME ORDER p AND SELF-ORTHOGONAL 
CODES OVER GF(p) 
As usual, by a q-ary (n, k) code we mean a k-dimensional subspace of 
the n-dimensional vector space over GF(q). A code is self-orthogonal (resp. 
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TABLE III 
Type Solutions Type Solutions 
(2, 2, 2. 3 1: 1) 2, 212, 3, 
2) 2, 2, 2, 3, 
3) 2, 23 2, 3, 
4) 2, 2, 2, 32 
5) 212, 2, 34 
(2, 2, 2.4): 1) 2, 2, 2, 4, 
2) 2, 2, 22 4, 
3) 2, 2, 2, 4, 
4) 2, 22 2, 4, 
5) 2, 22 2, 4, 
(1, 3, 3,4): 1) 1, 32 3, 42 
2) 1, 32 3, 4, 
3) 1, 32 3, 4, 
4) 1, 3, 34 4, 
5) 1, 34 34 4, 
6) 1, 3, 3, 4, 
7) 1, 3, 3, 4, 
8) 1, 3, 3, 4, 
9) 1, 3, 3, 4, 
(2, 2, 3, 5 ): 1) 2, 2, 35 5, 
2) 2, 2, 3, 5, 
3) 2, 2, 3, 52 
4) 2, 21 3, 52 
5) 2, 2, 3, 53 
6) 2, 2, 3, 5, 
7) 2, 2, 35 5, 
8) 2, 2, 32 5, 
9) 2, 2, 3, 5, 
10) 2, 2, 3, 5, 
11) 2, 2, 32 5, 
12) 2, 2, 34 5, 
(1, 3, 3, 3): 1) 1, 3, 3, 3, 
2) 1, 32 3, 3, 
3) 1, 32 3, 3, 
4) 1, 3, 34 34 
5) 1, 31 3, 3, 
(1,4,4,4): 1) 114, 4, 4, 
2) 1, 42 4, 44 
3) 1, 4, 4, 4, 
4) 11 4, 4, 4, 
5) 1, 4, 4, 4, 
(1, 3,4,4): 1) 1, 32 4, 4, 
2) 1, 3, 4, 44 
3) 1, 3, 4, 4, 
4) 1, 34 4, 4, 
5) 1, 3, 4, 44 
6) 1, 34 4, 4, 
7) 1, 3, 4, 4, 
8) 1, 3, 4, 4, 
9) 1, 3, 4, 4, 
(2, 2,4, 5): 1) 2, 2, 4, 5, 
2) 2, 22 4, 5, 
3) 2, 2, 4, 5, 
4) 2, 22 4, 5, 
5) 2, 2, 4, 5, 
6) 2, 2, 4, 5, 
7) 2, 23 4, 5, 
8) 2, 2, 4, 5, 
9) 2, 2, 4, 5, 
10) 2, 2, 4, 5, 
11) 2, 2, 42 5, 
12) 2, 2, 4, 5, 
self-dual) it it is contained in (resp. coincides with) its orthogonal com- 
plement with respect to the ordinary scalar product: xy = 
Xl Yl + . . * + x, y, for x = (xi ,..., x,), y = ( y, ,..., y,). The weight of a vector 
is the number of its nonzero coordinates, and the weight of a code is the 
weight of the lightest non-zero vector in the code. For the general theory of 
codes the reader is referred to the book of MacWilliams and Sloane [ 121. 
Let H be a Hadamard matrix with an automorphism /I = (P, Q) such 
that P and Q are permutation matrices. It can be seen that like in the case 
of automorphisms of symmetric block designs (cf. [13]) /3 fixes the same 
number of rows as columns. Suppose now that b is a permutation of a 
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prime order p which does not fix any rows (and columns) of H and acts on 
rows and columns as (1,2 ,..., p)(p+l,..., 2p).**((m-l)p+l,..., mp), 
where n = mp is the order of H. Then H has the form 
K,, Kt2 ... K~tn 
Hz . . . 
K ml 
(5) 
where Ku are p by p circulants. Let k, be the number of + l’s in a row of 
K,, and let 
m 
c ki,,=ri 
h=l 
(6) 
Let, as in (2), 1, be the number of columns of H intersecting two different 
rows of (Ki, . *. K,) and ( Kj, . . . K,,), respectively, in + 1’s. Denote by H, 
the matrix obtained from H by replacing all -l’s by 0’s. Then by 
calculating in two different ways the scalar products of rows of Ho we have 
f kih(k~/z-l)=(P-l)~ii, (7) 
h=l 
2 k,kih=pRg fOl’ I’#j, (8) 
h=l 
where by the orthogonality 
$(ri + rj) = n/4 + R, for i#j, 
ri = n/4 + lzii. 
From (6) (7), and (9) we obtain 
f kf,= pri- (p- l)n/4. 
h=l 
Therefore, if p divides n/4, then from (8) and (10) we get 
5 kihkjh ~0 (mod p), 
h=l 
2 kfhrO (mod p). 
h=l 
Thus we can formulate the following 
(9) 
(10) 
(11) 
THEOREM 3.1. Zf the automorphism /? does not fix any rows and the order 
of p is a prime dividing n/4, then the vectors (ki ,,..., k,), i = l,..., m, generate 
a self-orthogonal code over GF(p). 
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In particular, if n/4 = p = 7, then by replacing each of the matrices Ai, 
B,, Ci, Di from (1) by the number of + l’s in any of its rows, we obtain a 4 
by 4 matrix whose rows generate a self-orthogonal code over GF(7). Every 
such code is contained in some self-dual (4,2) code. The non-zero squares 
in GF(7) are 1, 2, 4, and the sum of any two of them is a non-zero element 
of GF(7). Therefore a non-zero self-orthogonal vector over GF(7) has 
weight at least 3, and in particular, a self-dual (4,2) code over GF(7) has 
weight 3. This means that any two of the four code coordinates are linearly 
independent, hence every such code has a generator matrix of the form 
where 
a2+b2~c2+d2~ -1 (mod7), 
UC + bd E 0 (mod 7). 
(12) 
Solving the system (12) and observing that the matrices 
generate codes which are permutationaly equivalent, we obtain the follow- 
ing four solutions for G: 
The permutation (1,4,2, 3) acting on the columns of G3 transforms G3 to a 
matrix orthogonal (over GF(7)) to G,. Likewise, the permutation 
(1, 3)(2,4) transforms the code generated by G4 to the code defined by G2. 
It can be seen by inspection of all linear combinations of rows of G, and G2 
that the codes generated by these matrices are permutationaly inequivalent. 
From the code of G, we obtain the following two matrices 
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whose rows are solutions from Table I satisfying (8) and (9). Similarly, 
from the code of G2 we get the matrices 
Multiplying the first column and the last three rows of M, by - 1 (mod 7) 
and transposing the third and fourth columns and rows, we obtain M,. 
This is a consequence of the fact that the monomial matrix 
transforms the code of Gz to the code of G,, i.e., up to equivalence there is 
a unique self-dual (4, 2) code over GF(7). In a similar way M, which is the 
transpose of M,, can be transformed to M,, so we will consider later on 
the matrices M, and M, only. 
4. THE ORBIT MATRICES 
Having the matrices (13), we must attach to their entries indices so that 
the rows and the transposes of the columns to form solutions from 
Table III. We shall call orbit matrices the matrices thus obtained. It is 
worth noting that the transpose of the incidence matrix of orbit 32 (resp. 
4*) from Table II represents the orbit 34 (resp. 44), while all other orbits 
are “self-dual,” i.e., the incidence matrix of each of them is permutationaly 
equivalent to its transpose. Moreover, the matrices M, and M2 from (13) 
are invariant under the cyclic permutation of order 3 fixing the first row 
and column, and we shall use this to avoid generation of matrices which 
are obviously equivalent. In some cases the above simple constraints are 
sufficient to limit enough the number of choices. For instance, suppose that 
the first row of M1 is 1 i 3i 33 35. Then it follows from Table III that all 
indices-in the remaining rows must be odd. For the indices of each of the 
columns (except the first) we have two possibilities, which give us the 
following four orbit matrices: 
11 31 3, 35 1, 31 3, 35 1, 3, 3, 35 1, 3, 3, 35 
4, 1, 45 33 4, 1, 4, 3, 41 1, 45 3, 4, 1, 4, 3, 
4, 33 1, 4,’ 4, 35 11 43’ 4, 35 11 41’ 4, 3, 1, 41’ 
4, 4, 3, 1, 4, 4, 31 1, 4, 4, 3, 1, 4, 4, 35 1, 
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Similarly, we get another four solutions when the first row is 1, 3, 35 3,: 
1, 3, 35 33 1, 3, 35 33 113135 33 11 3, 35 33 
41 1, 4, 35 4, 1, 4, 3, 45 1, 4, 3, 41 1, 4, 3, 
45 3, 1, 4,’ 45 3, 1, 4,’ 413, 1, 45’ 4, 3, 1, 4,’ 
4345 3, 1, 4, 45 33 1, 4, 45 3, 11 45 4, 3, 1, 
Up to equivalence, we have two further possibilities for the first row of 
M,: 1 1 32 32 3* or 1, 32 3* 3,. In both cases the indices of the remaining 
nondiagonal entries can take independently values 2 or 4, which leads to a 
large number of orbit matrices. It turns out, however, that only a small 
part of these orbit matrices yield Hadamard matrices. To see that, we 
adopt some notation. If ij is an orbit from Table II with representative 
{a I ,..., ai} and 0 < k < 6, we denote by if the 7 by 7 ( + 1, - 1) circulant 
whose columns are labeled with the residues modulo 7 and whose first row 
has + l’s in the positions a, + k (mod 7), s = l,..., i. Let us now fix the first 
row of M, to be 1, 3,3,3,. For the second row we have 8 choices: 
4,1, 4,3,, i, j, k E { 2,4}. In each of these cases we consider the 14 by 28 
( + 1, - 1) matrix obtained by replacing the symbols from the first two 
rows of M, by corresponding circulants, where we fix the circulants from 
the first row to be ly 3; 3: 3;. If we fix the lower indices in the second row 
and one of the upper indices, we have 73 choices for the remaining 3 upper 
indices. Among the 8.7’ choices for the second row only the following 20 
are orthogonal to the rows of 1: 3: 3: 3:: 
4: 1; 4; 3; (i=O,..., 6); 4: 1: 4: 3:; 
4: 1: 4; 3:; 40 1345 35. 4: 1: 4: 3;; 
4: 1: 4: 3;; (4= d,...: 6;’ 
These 20 quadruples appropriately permuted give the circulants 
corresponding to the third and fourth row of M,. Further checking of the 
orthogonality shows that only six of the 28 by 28 (+ 1, - 1) matrices thus 
derived are orthogonal. 
The case when the first row of M, is 1, 3,3,3,, as the orbit matrices of 
the form of Mz from (13) can be handled by similar methods. In general, 
given an orbit matrix M, we can fix the circulants from the first row and 
column of M and then to permute cyclicly the rows of any of the remaining 
9 circulants while an orthogonal matrix is produced. In this way we have 
to verify for orthogonality 79 28 by 28 matrices, but a simple backtrack 
algorithm can be applied to reduce the calculations. The results are given 
in Table IV, where we list the orbit matrices yielding Hadamard matrices, 
followed by the corresponding upper indices in the column “Solutions.” 
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TABLE IV 
No. Orbit matrix Solutions 
8 
9 
10 
1, 3, 33 35 
4, 1, 4, 3, 
45 3, 1, 4, 
4, 4, 3, 1, 
1, 3, 3, 3, 
4, 1, 45 3, 
4, 3, 1, 4, 
45 4, 3, 1, 
1, 3, 3, 3, 
41 1, 4, 3, 
43 3, 1, 4, 
45 4, 3, 1, 
11 3, 3, 3, 
4, 1, 4, 3, 
4, 35 1, 4, 
4, 4, 3, 1, 
1, 3, 35 3, 
4, 11 4, 35 
4, 33 11 4, 
43 4, 3, 1, 
1, 3, 3, 3, 
4, 1, 4, 35 
45 3, 1, 4, 
41 4, 33 1, 
1, 3, 3, 3, 
4, 1, 4, 3, 
4, 3, 1, 4, 
43 4, 3, I, 
1, 31 3s 3, 
4, 1, 4, 35 
4, 35 1, 4, 
45 4, 3, 1, 
1, 32 3, 32 
44 1, 42 32 
44 34 1, 44 
44 4, 32 11 
1, 32 32 32 
44 1, 4, 32 
4, 3, 1, 42 
44 4, 3, 1, 
a: 0 0 0 0 b: 0 0 0 0 
0262 0203 
0313 0243 
0004 0601 
a: 0 0 0 0 b:OOOO 
0266 0164 
0010 0025 
0544 0064 
0000 
0236 
0315 
0654 
a: 0 0 0 0 b: 0 0 0 0 
0430 0200 
0510 0113 
0512 0554 
0000 
0263 
0645 
0351 
n: 0 0 0 0 0000 
0111 0224 
0241 0342 
0421 0332 
Q: 0 0 0 0 b:OOOO 
02 14 0466 
0222 0144 
0241 0461 
a: 0 0 0 0 b: 0 0 0 0 
0215 0241 
0515 0142 
0121 0444 
0000 
0111 
0414 
0415 
a: 0 0 0 0 
0 166 
0106 
0111 
b: 0 0 0 0 c: 0 0 0 0 
0155 0100 
0515 0212 
0553 0202 
b: 0 0 0 0 c: 0 0 0 0 
0133 0144 
0363 0044 
0331 0001 
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TABLE IV (conhued) 
No. Orbit matrix Solutions 
11 
12 
13 
14 
15 
16 
17 
18 
19 
1, 32 32 34 
4, 1, 4, 3, 
4, 34 1, 4, 
44 4, 3, 1, 
1, 3, 3, 3, 
44 1, 4, 3, 
4, 3, 1, 4, 
42 4, 32 1, 
1, 3, 32 3, 
4, 1, 4, 3, 
42 32 1, 42 
4, 4, 34 1, 
31 2, 22 2, 
22 4, 2, 53 
2, 51 42 22 
23 22 53 4, 
3, 2, 22 23 
2, 4, 2, 5, 
23 5, 44 22 
2, 22 5, 4, 
3, 2, 22 2, 
2, 4, 23 52 
22 5, 4, 2, 
23 22 5, 4, 
32 21 22 23 
21 4, 23 52 
2, 52 44 2, 
22 23 5, 4, 
32 2, 2, 2, 
22 4, 2, 5‘ 
21 5, 42 2, 
23 22 5, 4, 
32 2, & 2, 
2, 4, 22 5, 
22 53 4, 2, 
23 22 5, 12 
a: 0 0 0 0 b: 0 0 0 0 c: 0 0 0 0 
0133 0144 0166 
0363 0044 0106 
0331 0001 0111 
a: 0 0 0 0 b: 0 0 0 0 c: 0 0 0 0 
0220 0355 0541 
0010 0515 0111 
0221 0551 0441 
0000 
0122 
0352 
0331 
0000 
0245 
0506 
0321 
0000 
0042 
0523 
065 1 
a: 6 2 6 2 b:6262 c: 6 2 6 2 
2054 2561 2641 
6060 6464 6666 
2256 2366 2345 
d6262 e: 6 2 6 2 
2604 2626 
6565 6262 
2200 2626 
0000 
0012 
0164 
0016 
0000 
0106 
0565 
0232 
0000 
0032 
0444 
0566 
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TABLE IV (continued) 
No. 
20 
21 
22 
23 
24 
25 
26 
27 
28 
Orbit matrix Solutions 
3, 2, 2, 2, 0000 
21 4.3 2, 52 0001 
23 52 42 2, 0264 
22 2, 5, 4, 0116 
3, 2, 22 23 0000 
22 42 23 5, 0603 
2, 5, 4, 2, 0512 
23 22 5, 4, 0562 
3, 21 2, 2, 0000 
2, 4, 2, 52 0023 
2, 52 4, 2, 0305 
2, 2, 5, 4, 0210 
3, 21 2, 2, 0000 
22 42 22 5, 0650 
2, 52 4, 22 0666 
2, 2, 51 44 0602 
3, 2, 23 22 0000 
2, 44 22 5, 0662 
21 52 4, 23 0600 
2, 2, 5, 44 0351 
3, 2, 2, & 0000 
22 42 2, 53 0611 
2, 52 4, 2, 0620 
2, 2, 52 44 0300 
32 2, 23 22 0000 
2, 4, 2, 5, 0054 
2z 53 42 2, 0264 
2, 22 51 44 0364 
3, 2, 2, 22 0000 
2, 4, 22 51 0065 
2, 52 4, 2, 0663 
22 2, 5, 44 002 1 
3, 2, 2, 22 0000 
22 44 2, 5, 0001 
2, 5, 4, 2, 0021 
2, 2, 5, 42 0366 
Adding a residue module 7 to all upper indices in a row (column) of a 
solution from Table IV transforms it to another equivalent solution. In this 
way from solution 5 we obtain a Hadamard matrix of Williamson type 
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1: 3: 3: 3: 
4: 1: 4; 3: 
4; 3: 1: 47 
4; 4: 3; 1: 
which is equivalent to the first Williamson type matrix listed in Hall’s book 
[7]. Similarly, solution 16e is equivalent to the second matrix of William- 
son type from [7]. 
Let H be a Hadamard matrix of Williamson type, i.e., 
(14) 
where A, B, C, D are symmetric circulants. Transposing the third and 
fourth rows and columns, and multiplying with - 1 the second, third, and 
fourth rows and columns in (14), we obtain the transpose of the matrix 
A B D 
\-C -D B A/ 
By this reason matrix 5 is equivalent to the transpose of matrix 3 from 
Table IV. We shall see however that these two matrices are not equivalent, 
i.e., the first matrix of Williamson type from [7] is not equivalent to its 
transpose. 
5. THE EQUIVALENCE CLASSES 
Table IV contains representatives of all equivalence classes of Hadamard 
matrices of order 28 possessing automorphisms of order 7. We shall 
establish the exact number of equivalence classes by comparing the 
3 - (28, 14, 6) designs obtained from these matrices. Let us recall that given 
a Hadamard matrix H = (h,) of order n = 4r + 4 and given k (1 ,< k < n), we 
obtain a 3 - (4t + 4, 2t + 2, t) design D,(H) with point set P = { 1, 2,..., KZ} 
and block set {B, ,..., B, _, , Bk+, ,..., B,, B, ,..., Bk- 1, Bk+, ,..., B,,}, where 
Bj= {i: hg=h,} and BJ = P- Bj. The designs D,(H) and D,(H) are 
isomorphic iff columns k and m of H lie in the same orbit of Aut H; more 
generally, Dk(H1) and D,(H,) are isomorphic iff H, and H, are equivalent 
under a signed permutation mapping the column k of H, to column m of 
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H,. Moreover, the automorphism group Aut D,(H) of D,(H) acting on 
points is permutation isomorphic to the stabilizer in Aut H of column k, 
acting on signed rows. 
If H is a Hadamard matrix from Table IV then its columns are par- 
titioned in four orbits by the permutation (l,..., 7)(8 ,..., 14)(15 ,..., 21) 
(22,..., 28), therefore at most four among the 28 3 - (28, 14, 6) designs 
obtained from H might be non-isomorphic. Let Cl; be the number of triples 
of points of a design occurring together with a fixed point x in exactly j 
blocks. For instance, the characteristics (C;,..., C;) of the points of D,(H), 
where H corresponds to the solution 9a from Table IV, are given in 
Table V. 
If there are exactly s different among the characteristics (Ci; ,..., C;) of a 
3 - (28, 14,6) design D, we denote by fi the number of points having 
the ith characteristic, 1 < i < s, and call the s-tuple fi,f, ...JS, 
fi, G.fi, G ... <fi,, the type of D. Thus the type of the design from (15) is 
1111111111111222234 
Further we shall omit the l’s in the type, so that the type of (15) will be 
denoted as 2 2 2 2 3 4. The types of D,(H), D,(H), DJH), Dzz( H) for each 
of the matrices H from Table IV are given in Table VI, where in the 
TABLE V 
Points (C;;,..., c;) 
1: 4 87 1111 1487 228 8 0 
2: I 106 1039 1559 209 5 0 
3, 12, 22: 3 92 1101 1497 223 9 0 
4: 5 98 1073 1525 217 7 0 
5: 3 94 1095 1503 221 9 0 
6: 4 91 1099 1499 224 8 0 
I: 4 103 1063 1535 212 8 0 
8,14: 2 93 1103 1495 222 10 0 
9, 21: 1 88 1123 1475 227 11 0 
10: 2 97 1091 1507 218 10 0 
11, 15, 18, 19: 0 83 1143 145s 232 12 0 (15) 
13: 2 83 1133 1465 232 10 0 
16: 0 17 1161 1437 238 12 0 
17,21: 1 90 1117 1481 225 11 0 
20: 0 71 1179 1419 244 12 0 
23, 28: 0 75 1167 1431 240 12 0 
24: 3 96 1089 1509 219 9 0 
25: 0 85 1137 1461 230 12 0 
26: 1 80 1147 1451 235 11 0 
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TABLE VI 
Type Matrices 
22 
222 
22222223 
22223 
222234 
2223 
2222222 
2222 
2233 
1 3 6 18 
1 21 
2 13 13 
22233333 
2 26 
17: 1, 8; 18: 1, 22; 19: 15, 22; 24: 8, 15; 
25: 8, 22. 
17: 15, 22; 18: 8, 15; 19: 1, 8; 24: 1, 22; 
25: 1, 15; 20: 15, 22; 21: 8, 15; 26: 1, 8; 
27: 1, 22; 28: 1, 15. 
20: 1, 8; 21: 1, 22; 26: 15, 22; 27: 8, 15; 
28: 8, 22. 
9~2, b, c: 8, 22; 1 la, b, c: 1, 8. 
9a, 6, c: 1, 15; lla, b, c: 15, 22. 
lOa, 6, c: 1, 22; 12a, b, c: 8, 22. 
lOa, b, c: 8, 15; 12a, b, c: 1, 15. 
14: 8, 15; 15: 8, 15; 22: 1,8; 23: 1, 22. 
14: 1, 22; 15: 1, 22; 22: 15, 22; 23: 8, 15 
3: 1, 8, 15, 22; 5: 1, 8, 15, 22. 
13: 1, 8, 15, 22. 
la, b: 1, 8, 15, 22; 2~2, b: 1, 8, 15, 22; 
4a, b: 1, 8, 15, 22; 6a, b: 1, 8, 15, 22; 
7a, b: 1, 8, 15, 22; 8a, b: 1, 8, 15, 22. 
16a, b, c, d: 1, 8, 15, 22. 
16~ 1, 8, 15, 22. 
column “Matrices” we list the number of the matrix followed by the values 
of k for which D,(H) has the given type. 
It follows from Table VI that the Hadamard matrices from Table IV are 
divided in ten classes by the types of related 3-designs: 
(I) {la, lb, 2a, 2b, 4a, 46, 6a, 66, 7~2, 76, 8a, 8b}, (II) (3, 5}, 
(III) {9a, 9b, 9c, lla, 116, llc}, (IV) {lOa, lob, lOc, 124 12b, 12c}, 
(V) (13}, (VI) (14,15,22,23}, (VII) {16a, 16b, 16c, 16d}, 
(VIII) (16e}, (IX) (17, 18, 19,24, 25}, (X) (20, 21,26, 27,28}, 
(16) 
and eventual equivalences are possible only between matrices lying in the 
same class. Further we test for isomorphisms between 3-designs having the 
same types and obtained from matrices belonging to the same class from 
(16). Using an algorithm for isomorphism of designs described by Gibbons, 
Mathon, and Corneil [4], we checked by computer that all classes except 
of (II) and (VII) consist of equivalent matrices, while the matrices 16~ and 
16b, as 16~ and 16d are equivalent, but 3 and 5, as 16~ and 16~ are 
inequivalent. Hence there are exactly twelve equivalence classes of 
Hadamard matrices of order 28 with automorphisms of order 7. 
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TABLE VII 
Hadamard Matrices of Order 28 with Automorphisms of Order 7 
H Rows 1,8, 15,22 IAut HI Orbits HT Remarks 
HI 
H2 
ff, 
H4 
H5 
H6 
H, 
H8 
H9 
HI0 
HI, 
HI2 
+------+t+----+t--*--f-+-f-- 
---++++--+----+-f-++---t+--f 
-+-+-*++--++---+-----+ff---+ 
--++-++-f-f-+f++t--------f-- 
+------++----+f--++--C-+--f- 
--++++-+-------+-++-++--f+-- 
-ff--+++-+--+-f--------t~t+- 
-+-+f-f-++--f+++----++-------- 
+------++----++-t--+-f--++--*+-- 
--f.+ff-f--- ---- ++--j-f+.-+a-+- 
-t-++-++--+t--+--------f++f- 
-+t--+t-+-t+-tt+----ff-------- 
+------++-f---++-+---C+-f--- 
--+t+-f-f-----+--+-*+-f+-f-- 
--t++-$--+-t+--+-----++-f--f 
--+++-f+f-+--+-ft-+-------f- 
+------++-t---i+-+---ff-+--- 
--tt+-t-*------+-tt+-+-+---f 
--+++-+-++---++-------+-+t+- 
--++f-++--+f*--++---f-+-------- 
++t----+--+---f-$----+--f----- 
+-f-----+--+++----ff-+-ff+-+ 
+--+---++++t----$-f++-+----+----t 
+--+------+-+-+f-f+-t+---+++ 
++----+--+--+--+----f--f--+--*- 
--f--f----+tf+-+---+-f+ff-f- 
-+----f-++-*++--++++-+--f--- 
--f--+---f-$ --+-t+t-t--++tt- 
++----+--+--+--+----f--f--+--t- 
--+--+---++++-+---+--+-f-f++ 
-+----++t-ff+---ff+f---+---+ 
--+--+----f-+--ftt-++-++ff-- 
++----+--+--+--+----f--+--t--t- 
--+--+---ff+f---f--+-+-f+tf- 
-f----f++-++-+--tt+f---+--+- 
e-+--+-m+ ----ttt-tt-t--t+tt- 
++-+---tt-----+-+----f--f--+--- 
++-------+ff-f-f--f--+f-+-f+ 
+--f---+-+-+f+-+$+-f-----++- 
+-f----+--+---f--t+t+-+-ff+- 
2184 28 H, Szekeres, 
H(12&29) [14] 
Transitive 
336 28 H3 Williamson 
Transitive 
336 28 Hz Williams n 
Transitive 
28 14, 14 H5 
28 14,14 H4 
58968 28 H6 QR, Paley 
H(5&25) [ 141 
Transitive 
28 14, 14 H7 
56 28 Hg Transitive 
56 28 Ha Transitive 
8736 28 Hlo Williamson Paley 
H(7&8) [ 141 
Transitive 
28 14, 14 
28 14, 14 
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We can use the same technique to get information about orbit lengths 
and orders of the matrix automorphism groups. Given a matrix H and the 
designs D,(H), DdH), D,dW, &(H), we have to check for isomorphisms 
between those of them having the same type. In all cases designs with the 
same type turn out to be isomorphic. This gives the lengths of the column 
orbits of Aut H as the number of columns corresponding to designs with 
identical types. In particular, there are precisely seven equivalence classes of 
Hadamard matrices of order 28 with transitive automorphism groups. 
The order of the automorphism group of a Hadamard matrix H is 
Aut H= 2 IAut D,(H)1 I,, where 1, is the length of the orbit of column k 
under Aut H. In some cases Aut D,(H) is automatically determined by the 
type of D,(H). Since a nontrivial automorphism of a 3 - (28, 14,6) design 
can fix at most 14 points (cf. [3, p. 82]), a design whose type contains 
more than 14 l’s must have a trivial automorphism group. For instance, 
1Aut D,(H)1 = 1 if H is any matrix from the class (IX). If the order of 
Aut D,(H) is not so obvious we find it by computer using an algorithm 
from [4]. 
In Table VII we give representatives and some information about the 
twelve equivalence classes. A matrix from each class is presented by its 
rows 1, 8, 15, 22, where we write + or - instead of + 1 or - 1. Column 
“Orbits” contains the orbit lengths of the matrix automorphism group on 
columns. Column “HT” gives the equivalence class to which the transpose 
of H belongs. In column “Remarks” previously known matrices equivalent 
to H are mentioned. 
6. ON DESIGNS AND CODES 
The results from the previous sections and [ 141 leave unclassified only 
the matrices of order 28 whose automorphism groups are (2,3)-groups. If 
H is a Hadamard matrix of order 28 with an automorphism B of order 3 
then p must fix some row and column of H, hence will induce an 
automorphism of some of the related 2 - (27, 13,6) (equivalently 
2 - (27, 14,7)) designs. It is easy to see that an automorphism of order 3 of 
such a design can fix 0, 3, or 6 points. Let D be a 2 - (27, 14, 7) design with 
an automorphism of order 3 without fixed points. Then the incidence 
matrix of D can be taken in the form 
582a,J40/1-6 
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where Ku are 3 by 3 circulants. If k, is the number of l’s in a row of K, 
then we have 
i k,=14, 
j=l 
f k;=28, 
j= 1 
i k,k,= 21, 
,=I 
whence the rows of the matrix 
generate a self-orthogonal code of length 9 over GF(7). Therefore, the 
knowing of the maximal self-orthogonal (9,4) codes over GF(7) may be 
very useful for the determination of the Hadamard 2 - (27, 14,7) designs 
with automorphisms of order 3 without fixed points, and consequently, 
Hadamard matrices of order 28 with automorphisms of order 3 fixing only 
one column. 
The above idea generalizes in a natural way for 2 - (u, k, 2) designs with 
automorphisms of a prime order p without fixed points and blocks, in 
which case we can associate with the design a self-orthogonal code of 
length b/p over GE’(q), where q is a prime dividing r and 1 or q = p if p 
divides r - Iz but p 1 r. The restriction for the automorphism to be without 
fixed blocks can be omitted, but in such a case the associated code will be 
only orthogonal instead of self-orthogonal. A relationship between codes 
and designs from another point of view is displayed by Hall [IS], and 
Bridges, Hall, and Hayden [2]. 
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